Two basic models of the incommensurate (IC) structure of NAN02, one with purely occupational modulation and one with mixed modulation, have been tested using (3+ 1)-dimensional space groups. The refinements were performed in the two superspace groups p1 ~ ~, ~, and P~ ss2 ,, ~,. The main feature of this IC structure is the presence of the weak displacive waves superposed on the main modulating waves of the occupational type. The displacements of atoms take place only along the b axis. The amplitude of the displacive wave of the Na ÷ ion was found to be almost twice as large (0.077/~) as that of the NO~ 0108-7673/85/050466-04501.50 molecule (0.042 A) with the occupational amplitudes approximately the same. The best refinement yields an overall R factor of 0.063 in the _P Iz"~'ss group, revealing a small phase shift between individual waves of the Na ÷ ion and the NO~-molecule. There are, however, practically no phase shifts between the two kinds of modulation waves involved. All waves were found to be harmonic.
REFINEMENT OF A MODULATED CRYSTAL STRUCTURE analysis. The first is to apply the three-dimensional symmetry for basic or average structure and to develop a model SFF, usually simplified, based on extra periodic parameters, without definite solution of the symmetry problems [eventually reducing the problem to that of the superstructure, see e.g. B/Shm (1975) , Shiozaki (1971) and Schulz (1974) ]. The second approach is based on the development of the (3 + d)-dimensional space-group theory (Yamamoto, 1983) . This makes it possible to refine the modulated structure in an analogous way to that of normal structure, but at the cost of a more complicated form of SFF, which requires numerical integration. In addition, one has to face ambiguity when dealing with the temperature factors. The present study shows that the (3+l)-dimensional symmetry approach to the structure refinement can be simplified in many cases important in practice.
The analytical form of the SFF has been presented for harmonic approximation with arbitrarily oriented amplitudes (e.g. elliptic waves), small displacive amplitudes, the corresponding mixed displacive and occupational modulations and for the temperature factors in a new form able to describe the thermal vibrations in the case of elliptic displacive harmonic waves. The temperature-factor corrections obtained are in keeping with corrections by Axe based on physical assumptions. We have shown that these corrections correspond to the zero-and second-order temperature-factor harmonics among those introduced by Yamamoto.
The results of this paper have been used to prepare a set of least-squares-refinement-type programs to refine the modulated structures. These programs have been successfully applied in the refinement of the modulated phase of NaNO2.
Introduction
The structure of the antiferroelectric (AF) phase of NaNO2 was refined by Kucharczyk, Pietraszko & (Ehrhardt & Michel, 1981; Michel, 1981; Heine, Lynden-Bell, McConnell & McDonald, 1985) . However, owing to a number of simplifications concerning the symmetry treatment, the refinement procedure and some arbitrariness in the phase relationship between the modulating waves, the structure obtained is no longer a good base for more detailed studies. The decision was taken, therefore, to reinvestigate this structure by applying the recently developed approach to modulated structure determination. A set of special least-squares refinement programs has been written by one of us (WAP) according to the structure-factor formulas obtained and presented in the preceding paper (Paciorek & Kucharczyk, 1985) .
Two basic models, one with purely occupational modulation and one with mixed modulation waves, have been tested using (3+l)-dimensional space groups [according to the de Wolff, Janssen & Janner (1981) notation].
In view of recent works by Ehrhardt & Michel (1981) and Michel (1981) the behaviour of the Na + and NO2 ions is expected to be different. Thus the individual modulating waves are allowed in the refinement, contrary to our first attempt (Kucharczyk et al., 1978) .
Symmetry and refinement procedure
The symmetry of the AF phase of NaNO2 has been determined by Janner & Janssen (1980) . The authors proposed the pt~, m ,~ space group based on a model of AF structure by B6hm (1977) and the well known symmetry of para-and ferroelectric phases. This group has the following elements:
(0, 0, 0, 0); (1/2, 1/2, 1/2, 0)+ x, y, z, t; 2, y, z, ?; x, y, ~., t; x, ~, z, t+1/2" x, y, ~, t + 1/2; 2, y, ~, ?; 2, ~, z, ?+ 1/2; 2, 37, ~, ?+ 1/2. The above space group can also describe properly our model of mixed modulation. However, it strictly restricts the phase shifts between the occupational and displacive waves. To analyse this subject we use the following notation for possible modulating waves for the/zth atom: p"(2g) = p~ + p~ cos (2~2g) + p~ sin (2~r2~') u~'(2g) = u~ "'c cos (2~r2g) + u~ 's sin (2~r2g), i=x,y,z.
Compared to work by Kucharczyk et al., the order parameter S has been replaced by the probability function p~' =p~ =0.5 in the paraelectric phase and 0<f'<l for the IC structure of the AF phase. Although it was shown that u~ plays the dominant role as a displacement amplitude, the two other components will also be considered.
In the pZ~,m~, group all atoms occupy special positions. Thus, in addition to the restrictions on positional and thermal parameters there are restrictions on modulation parameters as listed in Table 1 . It is easy to see that the phase shift between p" and Uy ~ should be equal to 0 or 180 °, which is in accordance with the study by Heine et al. (1985) and contrary to the arbitrarily chosen value of +90 ° in the work by Kucharczyk et al. Moreover, the u~ component is also purely cosinusoidal, whereas Ux ~ is 90 ° out of phase with respect to the others. To remove these restrictions and allow the relative phases to be refined the ~Pz2sslm m group was selected. The elements of this group are as follows:
(0, 0, 0, 0); (1/2, 1/2, 1/2, 0)+ x, y, z, t; x, y, z, t+l/2; x, 37, z, t+l/2; x, y, ~, t.
This space group leaves the extinction rules unchanged and opens a general position for oxygens (see Table 1 ).
The refinement was carried out for two models (purely occupational and mixed) in the two space groups discussed above, separately: The leastsquares-refinement program based on structure-factor formula (3.4) given by Paciorek & Kucharczyk (1985) has been used. The intensity data, lattice parameters and q vector [a=3.660(4), b=5.650(8), c= 5.365 (1)/~,, q=0.108 (5)a*] were exactly the same as those obtained by Kucharczyk et al. (1978) exceptthat the satellite intensities at h + q, k, l were not averaged and several very weak reflections formerly omitted were taken into account. This gave altogether 98 main and 116 satellite independent reflections. Seven strong reflections were, later, omitted owing to extinction.
We started with the atomic parameters and anisotropie temperature factors published in the paper cited above and during the first cycles only the individual occupational waves (p~ and/or p~ parameters) were refined. Next, all the possible displacive waves were included. During the refinement we were very careful not to exceed a reasonable INCOMMENSURATE CRYSTAL STRUCTURE OF NaNO2 number of free parameters owing to the limited number of reflections available.*
Results and discussion
The final discrepancy indices obtained for the two selected space groups and successive trials using various models of pure occupational and mixed modulations are presented in Table 2 . In addition to the specified modulating parameters used, the total number of free parameters is given. All the R factors shown were calculated with unit weights. It is easy to see that purely occupational modulation with space group Pt ~' ~ ~' leads to an unsatisfactory R, factor of 0.162. This is, however, a reasonable starting point for checking both the phase shift between the individual waves for the Na ÷ ion and the NO2 molecule and the actual presence of extra displacive * Lists of observed and calculated structure factors have been deposited with the British Library Lending Division as Supplementary Publication No. SUP42173 (3 pp.) . Copies may be obtained through The Executive Secretary, International Union of Crystallography, 5 Abbey Square, Chester CH1 2HU, England. components formerly proposed by Kucharczyk et al. In the second space group the phase shift of about 22 ° between the occupational waves of N ÷ and NO2 has been found, which reduces Rs to 0.138. No further improvement could be reached by applying individual waves to nitrogen and oxygen atoms, thus the molecule was kept rigid by constraining modulational parameters of these atoms.
Starting once more with the centrosymmetric space group (Rs =0.162), but adding the transverse wave with a displacement along y for the NO2 molecule only, one found that the refinement converged quickly from R = 0.089 to R = 0.065 mainly due to a drastic lowering in the R~ index, which dropped to 0-091. Adding a similar displacive wave for the Na ÷ ion and turning to the noncentrosymmetric space group so that the relative phases between the waves were free, one obtained the overall R factor of 0.063 and R~ = 0.082.
At that stage of refinement, four more parameters were added by removing the constraints on the NO2 molecule, but no significant improvement was reached.
Further trials were undertaken to check the presence of longitidunal and second transverse (along the z direction) components of the displacive waves, which is not forbidden by symmetry (see Table 1 ). The longitudinal components u~ were proved to be and lead to no negligibly small compared with Uy improvement in the refinement. An addition of the u~ components also ended with insignificantly small values. Furthermore, the convergence was no longer possible with all parameters free, as indicated by the bottom lines of Table 2 . In view of such results we decided to take the refinement of the model marked with :~ in Table 2 as the final solution. The list of atomic parameters and temperature factors is presented in Table 3 .
The main feature of the IC structure in AF, shown in Fig. 1 , is thus the presence of weak displacive waves with amplitudes less than 0.08 A, superposed on the main modulating waves of the occupational type. The displacements of atoms take place along the b axis only. The amplitude of the displacive wave of the Na ÷ ion was found to be almost twice as large (0.077/~) as that of the NO~-molecule (0.042 A), with the occupational amplitudes being approximately the same. There are practically no phase shifts between the displacive and occupational waves, which is in accordance with the arguments given by Heine et al. (1985) and contrary to previous work by Kucharczyk et al. (1978) .
The occupational wave was shifted with respect to the displacive one by 9.0 (3.5) ° and 2.1 (1.1) ° for Na and NO2, respectively. The phase of the Na occupational wave was set to zero (Ps = 0) to fix the phase origin. There are, however, larger phase shifts between the individual waves of the Na ÷ ion and the NO~-molecule. The phase difference between displacive waves is 12.5 (5.5) °, whereas for occupational waves it is 24.0 (1.1) ° as shown in Fig. 1 . However, one must notice the relatively high uncertainty in the determination of the phases of modulating waves. Such a problem has been mentioned by Yamamoto (1982) in his consideration of modulated structure with predominantly occupational character. It can be (9) seen from Table 2 that the extra displacive waves improve R factors for both main and satellite scattering, whereas an introduction of free phases of the waves positively affects only the subset of satellite reflections. To clear up this point and to find out the significance of these phases, the disturbance of bond lengths over a period of modulation has been examined. The result was that bond lengths are less disturbed when the phase shifts are allowed. The comparison is given in Table 4 . For example, the averaged Na-N bond distance of 2.598 (4)/~ deviates owing to modulation by +0.045 and +0.037/~ for fixed and free phases, respectively. This justifies additionally the pi~, superspace group as the proper one for the IC structure of NaNO> Helpful comments from Professor K. Lukaszewicz are gratefully acknowledged.
